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Measurability Restrictions
To capture these portfolio restrictions implied by the different trading technologies, we use measurability constraints (see Chien, Cole, and Lustig (2011) for a detailed discussion) on net wealth.
These restrictions allow us to solve for equilibrium allocations and prices without having to search for the equilibrium prices that clear each security market.
Mertonian Trader Since idiosyncratic shocks are not spanned for the z-complete trader, his net wealth needs to satisfy:â t z t , η t , η t−1 =â t z t , η t , η
for all t and η t ,η t ∈ N.
Continuous-Rebalancing Non-Mertonian (crb) Trader Non-Mertonian traders who rebalance their portfolio in each period to a fixed fraction in levered equity and 1 − in non-contingent bonds earn a return: 
for all t, z t ,z t ∈ Z, and η t ,η t ∈ N . If = 1/(1 + ψ), then this trader holds the market in each period and earns the return on a claim to all tradeable income: R t,t−1 [{(1 − γ)Y }](z t ). Without loss of generality, we can think of non-participants as crb traders with = 0.
Intermittent-Rebalancing Non-Mertonian (irb) Trader An irb trader's technology is de-
fined by his portfolio target (denoted ) and the periods in which he rebalances (denoted T ). We assume that rebalancing takes place at fixed intervals. For example, if he rebalances every other period, then T = {1, 3, 5, ...} or T = {2, 4, 6, ...}.
We define the trader's equity holdings as e t (z t , η t ) = s D t (z t , η t )V t [{D}](z t ). In re-balancing periods, this trader's equity holdings satisfy:
e t (z t , η t ) e t (z t , η t ) + b t (z t , η t ) = .
However, in non-rebalancing periods, the implied equity share is given by t = e t /(e t + b t ) where e t evolves according to the following law of motion:
e t (z t , η t ) = e t−1 (z t−1 , η t−1 )R t,t−1 [{D}](z t )
for each t / ∈ T . This assumes that the irb trader automatically re-invests the dividends in equity in non-rebalancing periods.
After non-rebalancing periods, the irb trader with an equity share t−1 earns a rate of return: 
for all t, z t ,z t ∈ Z, and η t ,η t ∈ N , with t = in rebalancing periods.
Since setting T = {1, 2, 3, ...} generates the continuous-rebalancer's measurability constraint, the continuous-rebalancer can simply be thought of as a degenerate case of the intermittentrebalancer. Hence, we can state without loss of generality that a non-Mertonian trading technology is completely characterized by ( , T ).
the solvency constraint (6), and the appropriate crb measurability constraint (2). The irb solves the same optimization problem with the irb measurability constraint (3).
Time Zero Trading
We find it useful to write agent's problems in terms of their equivalent time-zero trading problem in which they select the optimal policy sequence given a complete set of Arrow-Debreu securities, subject to a sequence of measurability and debt constraints (see Chien, Cole, and Lustig (2011) ). This section reformulates the household's problem in terms of a present-value budget constraint, and sequences of measurability constraints and solvency constraints. These measurability constraints capture the restrictions imposed by the different trading technologies of households.
From the aggregate contingent claim prices, we can back out the present-value state prices recursively as follows:
We use P t (z t , η t ) to denote the state prices
denote the stochastic discount factor that prices any random payoffs. Using these state prices, we can compute the no-arbitrage price of a claim to random payoffs {X} as:
We choose the solvency constraint as:
Active Traders The complete trader chooses a consumption plan {c t (z t , η t )} to maximize her expected utility U ({c}) (in 4) subject to a single time zero budget constraint:
and the solvency constraint in each node (z t , η t ):
This is a standard Arrow-Debreu household optimization problem.
The z-complete trader's problem is the same as the complete-trader's problem except that we need to enforce his measurability constraint (1) in each node (zFollowing Chien, Cole, and Lustig (2011) , we can construct new weights for this Lagrangian as follows. First, we define the initial cumulative multiplier to be equal to the multiplier on the budget constraint: ζ 0 = χ. Second, the multiplier evolves over time as follows for all t ≥ 1:
The first order condition for consumption leads to a consumption sharing rule that does not depend on the trading technology. Using the law of motion for cumulative multipliers in (10) to restate the first order condition for consumption from the saddle point problem, in terms of our cumulative multiplier, we obtain the following condition:
This condition is common to all of our traders irrespective of their trading technology because differences in their trading technology does not effect the way in which c t (z t , η t ) enters the objective function or the constraint. This implies that the marginal utility of households is proportional to their cumulative multiplier, regardless of their trading technology. As a result, we can derive a consumption sharing rule. The household consumption share, for all traders is given by
where T T = {m, crb, irb, np} Moreover, the SDF is given by the Breeden-Lucas SDF and a multiplicative adjustment:
The first order condition for net financial wealth leads to a martingale condition for the cumulative multipliers which does depend on the trading technology. The first order condition with respect to net wealth a t (z t+1 , η t ) is given by:
This condition, which determines the dynamics of the multipliers, is specific to the trading technology. For the z-complete trader, it implies that the average measurability multiplier across idiosyncratic states η t+1 is zero since P (z t+1 ) is independent of η t+1 . In each aggregate node z t+1 , the household's marginal utility innovations not driven by the solvency constraints ν t+1 have to be white noise. The trader has high marginal utility growth in low η states and low marginal utility growth in high η states, but these innovations to marginal utility growth average out to zero in each node (z t , z t+1 ).
Combining (14) with (10), we obtain the following supermartingale result:
which holds with equality if the solvency constraint do not bind in z t+1 . For the unconstrained zcomplete market trader, the martingale condition E t+1 [ζ t+1 |z t+1 ] = ζ t and the consumption sharing rule imply that his IMRS equals the SDF on average in each aggregate node z t+1 , averaged over idiosyncratic all states:
with equality if the solvency constraints do not bind in z t+1 .
For the complete trader, the first-order condition for to net wealth a t (z t+1 , η t+1 ) is given by:
and this implies that if the solvency constraints do not bind, the cumulative multipliers are constant.
For the complete market trader, the martingale condition ζ t+1 = ζ t and the consumption sharing rule imply that his IMRS is less than or equal to the SDF, state-by-state:
with equality if the solvency constraint does not bind in (z t+1 , η t+1 ).
As in Chien, Cole, and Lustig (2011) , we can characterize equilibrium prices and allocations using the household's multipliers and the aggregate multipliers.
Passive Traders Since the crb non-Mertonian trader is a special case of the irb non-Mertonian trader, we start with the irb. The non-Mertonian trader faces an additional restriction on the dynamics of his equity position. The non-Mertonian traders' equity position evolves according to:
The non-Mertonian trader's equity position is being determined in rebalancing periods by his current debt position b t , and in nonrebalancing periods by his past equity position e t−1 . Thus, it is completely determined by the bond position he took in rebalancing periods and the returns on equity.
The irb non-Mertonian trader trader chooses a consumption plan {c t (zand, finally, subject to the equity transition restriction in (16).
As before, let χ denote the multiplier on the time-zero budget constraint in (7), let ϕ(z t , η t ) denote the multiplier on the solvency constraint in (8), let κ(z t , η t ) denote the multiplier on the equity transition condition in (16), and let ν(z t , η t ) denote the multiplier on the measurability constraint in node (z t , η t ) in (17).
The saddle point problem of a non-Mertonian trader with trading technology (φ * , T ) is stated in section 2.2 of the appendix. As before, we define the cumulative multipliers as in (10).
To keep the notation tractable, we define the continuous-rebalancing one-period portfolio return as:
and we define the intermittent-rebalancing two-period portfolio return as:
To develop some intuition, consider the simplest case in which the rebalancing takes place every other period. The intermittent-rebalancer's first-order condition for net financial wealth can be stated as follows:
1. in the rebalancing periods t ∈ T :
2. in the nonrebalancing periods t / ∈ T :
In the non-rebalancing periods, the non-Mertonian trader faces the same first order condition as the non-participant in (19), but in re-balancing periods, the standard martingale condition is augmented with a forward looking component, because the non-Mertonian trader anticipates that the next period is not a rebalancing period. Combining (18) with the law of motion for the cumulative multiplier in (10) leads to a martingale condition under a different measure that looks two periods ahead:
with equality if the non-Mertonian trader's solvency constraints do not bind in period t + 1.
This martingale condition, combined with the consumption sharing rule, leads to the following Euler equation for an unconstrained non-Mertonian trader, who is re-balancing at t, who is not re-balancing at t+1:
Saddle Point
Active The saddle point problem of an z-complete trader can be stated as:
where P (zwhere with net financial wealth allowed to depend on the full idiosyncratic history, orâ t−1 (z t , η t ), and hence this measurability constraint is degenerate.
Let χ denote the multiplier on the present-value budget constraint, let ν(z t , η t ) denote the multiplier on the measurability constraint in node (z t , η t ), and, finally, let ϕ(z t , η t ) denote the multiplier on the debt constraint.
The first-order condition for consumption is given by
Passive Here again, we will work with the present-value problem. As before, let χ denote the multiplier on the present-value budget constraint, let ν(z t , η t ) denote the multiplier on the measurability constraint in node (z t , η t ), let ϕ(z t , η t ) denote the multiplier on the debt constraint.
In addition, let κ(z t , η t ) denote the multiplier on the equity transition condition. The saddle point problem of a non-Mertonian trader with trading technology (ω * , T ) can be stated as:
. This is a standard convex programming problem. We list the first-order conditions for consumption c:
and finally for equity holdings e:
Taxonomy There are four cases with respect to the last two first-order conditions depending upon whether t and/or t + 1 is an element of T , the set of rebalancing periods. Here is an overview of these different cases:
1. If t ∈ T and t + 1 ∈ T then the last two conditions reduce to
where
is the simply overall return on the agent's portfolio conditional on the transition from z t to z t+1 . This is the martingale condition for the continuous-rebalancing trader.
2. If t ∈ T and t + 1 / ∈ T then the last two conditions become
and
3. If t / ∈ T and t + 1 ∈ T then the last two conditions become
4. If t / ∈ T and t + 1 / ∈ T then the last two conditions become
In the simple case in which the rebalancing takes place every other period, then these conditions
in the rebalancing periods, and
Proof of Result in (13):
Proof. The consumption sharing rule follows directly from the ratio of the first order conditions and the market clearing condition. Condition (11) implies that
In addition, the sum of individual consumptions aggregate up to aggregate consumption:
This implies that the consumption share of the individual with history (z t , η t ) is
.
With CRRA preferences, this implies that the consumption share is given by
Hence, the −1/α th moment of the multipliers summarizes risk sharing within this economy. We refer to this moment of the multipliers simply as the aggregate multiplier. The equilibrium SDF is the standard Breeden-Lucas SDF times the growth rate of the aggregate multiplier. This aggregate multiplier reflects the aggregate shadow cost of the measurability and the borrowing constraints faced by households. The expression for the SDF can be recovered directly by substituting for the consumption sharing rule in the household's first order condition for consumption (11).
Approximation
We forecast the growth rate of the aggregate multiplier [h(z t+1 )/h(z t )] by using a finite partition of the history of aggregate shocks z t , with each element in the partition being assigned a distinct forecast value.
Algorithm 1. We construct our partition of aggregate histories Σ by applying the following procedure. σ denotes an element of this partition. We construct a partition based upon the last n aggregate shocks, which we denote by Z n . The partition simply consists of truncated aggregate histories: Σ = Z n . The number of elements in the partition is given by #Z n , where #Z is the number of aggregate states.
The rationale for the first partition with truncated aggregate histories is straightforward. All households start off with the same multiplier at time 0. If we keep track of the history of aggregate shocks z t through period t, then obviously we know the entire distribution of multipliers at t, and we can compute all of its moments. Hence, the actual growth rate [h(z t+1 )/h(z t )] can be determined exactly provided that one knows the entire history of the aggregate shocks z t . Of course, for large t, keeping track of the entire aggregate history becomes impractical. However, if there is an ergodic equilibrium, the effect of aggregate shocks has to wear off after some time has passed.
We define g(σ, σ ) as the forecast of the aggregate multiplier growth rate [h(z t+1 )/h(z t )], conditional on the the last n elements of z t equaling σ, and the last n elements of z t+1 equaling σ .
Algorithm 2. The algorithm we apply is:
1. conjecture a function g 0 (σ, σ ) = 1.
2. solve for the equilibrium updating functions T j 0 (σ , η |σ, η)(ζ) for all trader groups j ∈ {m, crb, irb, np}.
3. By simulating for a panel of N households for T time periods, we compute a new aggregate weight forecasting function g 1 (σ, σ ).
4. We continue iterating until g k (σ, σ ) converges.
In our approximation, we allocate consumption to households with a version of the consumption sharing rule that uses our forecast of the aggregate multiplier g(σ, σ ) in each aggregate node
α / g(σ, σ ). Prices are set using the forecast as well: m(σ , σ) ≡ βe −αz g(σ, σ ) α . Of course, this implies that actually allocated aggregate consumption C a differs from actual aggregate consumption C:
where g(z t+1 ) is the actual growth rate of the aggregate multiplier in that aggregate node z t+1 .
This equation simply follows from aggregating our consumption sharing rule across all households.
When the forecast g(σ, σ ) deviates from the realized growth rate g(z t+1 ), this causes a gap between total allocated consumption and the aggregate endowment. Hence, the percentage forecast errors
(log e = log g − log g) are really allocation errors (log C a − log Y ).
1
With a slight abuse of notation, we use z t ∈ σ to denote that the last n aggregate shocks equal σ. The forecasts are simply the conditional sample means of the realized aggregate growth rates in each node (σ, σ ):
where N (σ, σ ) denotes the number of observations of this aggregate history in our panel. As one metric of the approximation quality, we report the standard deviation of the forecast errors:
Equivalently, we can also think of log g(σ, σ ) as the fitted value in a regression of realized growth rates g t+1 on dummy variables d(σ t , σ t+1 ), one for each node:
As a second metric, we also report the R 2 in the forecasting regression in equation (20).
Approximation The last line in Table I reports the standard deviation of the allocation error that results from our approximation in percentage points. The standard deviation of the percentage forecast error is between 0.059% and 0.072% in the benchmark cases. This means that our approximation is highly accurate compared to other results reported in the literature for models with heterogeneous agents and incomplete markets. The implied R 2 in a linear regression of the actual realization of the SDF's on the SDF that we predicted based on the truncated aggregate histories exceed 0.998 in all cases. The bottom panel reports the R 2 in the return predictability regressions. Finally, the last two columns report the data. We report two regression results. The first one is the standard case. The second one allows for a structural break in the log dividend yield in 1991 following the evidence reported by Lettau and Van Nieuwerburgh (2007) . Compared to column (2), the slope coefficients produced by our model start at too high a level (0.53 compared to 0.27) and then increase too much (1.14 compared to 0.80) relative to the data. There is less predictability in the model than in the data. Because of the lack in persistence in the predictor, the R 2 in the predictability regressions do not increase quickly enough as we increase the forecasting horizon. In fact, it increases to 1.8%
Additional Results

Return Predictability
at the 2-year horizon and then slowly decreases in the benchmark irb case.
Quantitative Results in Economy with Mertonian Traders who Face Binding Solvency Constraints
While the results reported so far show that irb non-Mertonian traders amplify the volatility of risk prices, the numbers are still small compared to the 50% standard deviation of the SR reported by Lettau and Ludvigson (2010) . However, the composition of the Mertonian trader pool is equally important for the volatility of the market price of risk.
The Mertonian traders that we have considered sofar are subject to idiosyncratic risk and hence have a precautionary motive to accumulate wealth. As a result, their solvency constraints rarely bind in equilibrium. We now look at what happens when we introduce another type of Mertonian traders who are not subject to idiosyncratic risk or can hedge against it. She trades a complete set of state contingent securities a t (z t+1 , η t+1 ; z t , η t ) in addition to stocks and bonds. This trader can hedge both aggregate risk and their own idiosyncratic risk. We can think of complete traders as a stand-in for highly levered, active market participants like hedge funds. These participants will tend to increase the volatility of risk premia if they are subject to occasionally binding solvency constraints (see Alvarez and Jermann (2001) and Chien and Lustig (2010) ). Table III in the separate appendix reports the result that we obtained with these complete traders. The volatility of the market price of risk increases from 14.06% (see Table ? ?) in the crb economy to 24.02% in the irb economy, which is comparable to that (21%) in the annual calibration version of Campbell and Cochrane (1999) model. Moreover, the volatility of the conditional Sharpe ratio on equity increases from 14.06% to 26.88%. This means we get much closer to the target in the data if we introduce these complete Mertonian traders. Clearly, the binding solvency constraints add a lot of price volatility in the crb economy, which in turn strengthens our mechanism. Furthermore, the economy with binding solvency constraints produces more realistic dividend yield behavior. The standard deviation of the log dividend yield increases to 7.53% (10.70%) when leverage is 3 (4) in the economy with crb traders (see Table IV in the separate appendix). This means we can now match the empirical target of 7.73% cyclical variation in the log dividend yield. However, the dividend yields produced by the model are still not persistent enough. Finally, stock returns are somewhat more predictable. The R 2 in a regression of returns on the log dividend yield increases to 7.1% at the 3-year horizon and then declines (see Table V in the separate appendix).
In addition, these complete traders load up on more aggregate risk (see the first two panels of Table VI reported in the separate appendix). The complete traders realize average excess returns of up to 8.29% per annum. At the household level, in the baseline case with crb traders, we get the same relation between trader sophistication and consumption growth volatility: the standard deviation of household consumption growth is 2.47% for the Mertonian traders, compared to 3.29% for the non-Mertonian equity holders and 3.62 % for the non-participants. However, the composition is very different: the group volatility is 1.62% for the Mertonian traders, compared to 1.19% for the non-Mertonian equity holders and 0.73% for the non-participants. The consumption numbers in the irb economy look very similar. However, the welfare cost of being a non-Mertonian trader increases significantly from 3.33% in the crb economy to 12.78% in the irb economy, simply because the volatility of risk premia is so much higher. However, this almost entirely due to the cost of being non-Mertonian, not the cost of failing to rebalance. This can be gleaned from a comparison of the cost of being a crb trader: 11.83%, only 95 bps lower! The irb traders re-balance every three periods in a staggered fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. The results are generated by simulating an economy with 3, 000 agents. Return predictability over longer investment horizons. The investment strategy is to buy-and-hold a fixed number of shares and to receive dividends with growth rate ∆ log Div − E(∆ log Div) = λ [∆ log C − E(∆ log C)]. The leverage parameter λ is 3. This table reports the results in a regression of r t,t+k = a + bdpt + t+k , k = 1, . . . , 5. The irb traders re-balance every three periods in a staggered fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. Results for 41% equity share non-Mertonian target ( ). The results are generated by simulating an economy with 3, 000 agents and 10, 000 periods. Leverage is 3. The last two columns report the data. We used annual VW-CRSP returns covering NYSE, AMEX and NASDAQ. The first column reports the standard regression results. The second column allows for a structural break in the log dividend yield (dp) in 1991. Moments of annual returns. The irb traders re-balance every three periods in a staggered fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. The results are generated by simulating an economy with 3, 000 agents and 10, 000 periods. The investment strategy is to buy-and-hold a fixed number of shares and to receive dividends with growth rate ∆ log Div−E(∆ log Div) = λ [∆ log C − E(∆ log C)]. The leverage parameter λ is 3. This table reports moments of annual returns conditional on history of aggregate shocks z t . The irb traders re-balance every three periods in a staggered fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. Results for 41% equity share non-Mertonian target ( ). The results are generated by simulating an economy with 3, 000 agents and 10, 000 periods. Return predictability over longer investment horizons. The investment strategy is to buy-and-hold a fixed number of shares and to receive dividends with growth rate ∆ log Div − E(∆ log Div) = λ [∆ log C − E(∆ log C)]. The leverage parameter λ is 3. This table reports the results in a regression of r t,t+k = a + bdpt + t+k , k = 1, . . . , 5. The irb traders re-balance every three periods in a staggered fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. Results for 41% equity share non-Mertonian target ( ). The results are generated by simulating an economy with 3, 000 agents and 10, 000 periods. Leverage is 3. The last two columns report the data. We used annual VW-CRSP returns covering NYSE, AMEX and NASDAQ. The first column reports the standard regression results. The second column allows for a structural break in the log dividend yield (dp) in 1991. This table reports moments of annual returns conditional on history of aggregate shocks z t . The irb traders re-balance every three periods in a staggered fashion (1/3 each year). Parameters: α = 5, β = 0.95, collateralized share of income is 10%. Results for 41% equity share non-Mertonian target ( ). The results are generated by simulating an economy with 3, 000 agents of each types and 10, 000 periods.
